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Extensions  of  the  lOiinchlne  -  ^..'Isser  Theorem 

il.    Introduction: 

As  an  outgrowth  of  considerations  related  to  the  "Poin- 
care  recurrence  theorem"  Khinchine  proved: 

If  A  ,A  ,  ...,A  ,...  is  a  gi'^Qn  infinite  sequence  of 

measurable  sets  such  that 

(1.1)  P(A^)  >  a  >  0,     for  all  n; 
and  the  sequence  is  "stationary"  ,  i.e. 

(1.2)  P(A  A  )  =  P(A.  A,),    for  r-s  =  i-j; 

IS  1    J 

then  given  anjr  e  >  0,  there  exists  an  infinite  subsequence 

A.  ,  k  =  1,2,,,.,  such  that 
^k 

(1.3)  P(A,   A,   )  >  (l-e)a^  .   '"" 

^k  % 

Wisser  provided  a  much  simplified  proof  of  this, 
and  at  the  same  time  dropped  the  assumption  of  stationarity. 
In  this  note  various  extensions  of  ^'"isser's  result  are  obtained. 


Note  that  the  theorem  is  trivially  true  for  e  >  1. 
Furthermore  by  choosing  the  A  as  independent  sets  such  that 

P(A^)  — >  a  as  n — >oo  ,  we  see  that  the  assertion  (1.3)  is 
in  a  sense  best  possible. 


iffS'IOSll 


lo  e:^n^ 


eoifi- 


oo  •' — -Ti 


2. 


which  focus  on  providing  subsequences,  of  given  infinite 
sequences,  on  which  the  probability  of  any  finite  intersec- 
tion is  bounded  from  below  in  a  "natural  way"  . 

a 

s2 .   Notations. 

In  order  to  facilitate  the  statements  and  proofs  which 
are  to  be  presented  it  is  convenient  to  utilize  various  nota- 
tions, which  are  listed  below. 

Por<^  any  sequence  of  sets  A,, A-,..,,  (possibly  a 
finite  sequence),  we  set 

/        r  1 

{a.)0^  in)   =  {A^fk^, . . .  ,A  t ,    for  each  integer  n  >  1; 
and 

*      r  1 

{b)(((  (n)   ~  S-^Yi^i*  *  **  >  If  ^or  each  integer  n  >  1. 

Ifx..'  is  a  subsequence  of**  we  write"^'  '-^  ^  ,  or  ^'   ^^  ; 
and  in  the  special  case  where  ^  is  a  finite  sequence  we  denote 
bye.  0'^    the  sequence  formed  by  first  listing  ^-^  and  then 
following  it  with  <3f  .   Thus,  for  example,  for  each  integer 
n  >  1 


and 


Ci   =2  (n)  iJJ>^(n); 


■.■^^.*;t»    ^.•f'nr'^   Vr:?.  ^'^    ■•'T'?  T M ""'c^T    'i:'::^  'c^r''r'''i- 


.^J      ,   :   , 


*,'  WJ  .  •,     i;  4^  i'  J   ■*-•  '    . 
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- ^-5  on   5 u  o  1 1  p V  6 is  ti  f  ticV 
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In  addition; 


{c)<S^   =  .;  A.n  A,  n  ...Oa   ;  a   e  d'',  1  j^  i     for  ^  yf  v  r-  , 


for  each  integer  k  >  1,   Note  then  that 


/  -J. 


(d)  [0  ]   =  the  collection  of  all  sets  which  occur  In 
s  ome  A        ,  k  >  1 . 

.'1 

(e)  For  a  set  B  e  [e  ]  define  k  =  p(B}  to  be  the  small- 

V'k 
est  integer  k  >  1  such  that  B  e  Uj        . 

(f)  Q   Is  called  "(n,  P)  linked"  if  J[or  every  pair  of 
sets  A,  B  such  that  B  e  [^  (n)],  A  e '^  (n)  ,  we  have 
P(B)  >  0  ,  and 


Pg(A)  >  pP(A)  , 


where  Pp(A)  denotes  the  conditional  probability  of  A,  assum- 
ing B  has  occurred. 


cf. 


(g)  0  is  called  "completely  p  linked"  if  it  is  (n,p)  linked 
for  every  integer  n  >  1. 


(h)   Define   A  (^  )  =  g.l.b.  P(A) 

A  tj^ 


■oi  ..  •; 


t'iVcsf,?!bbfi  \il 


f-di 


r.  ?.-f-  '^r  ;"r,-.    ncli    - 
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^  i^.  _r  ^  :y.  ^, 
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»ie>a     (r\» 


k^ 


^3«   A  generalization  of  the  Khlnchlne  -  vjasar  Theorem.   In 
terms  of  the  notation  provided  In  the  previous  section  one  pos- 
sible extension  of  the  Khlnchlne  -  Wlsser  Theorem  may  be  given 
as  follows : 

Theorem  3.1   Given  an  infinite  se que nee .3  such  that  ^{^)    >  0,* 
and  any  e  >  0  ,  there  exists  a  subsequence  0C1  0^  ,  such  that 
J0    is  completely  (l~e)  linked. 

Remark:    It  is  clear  that  one  need  only  consider  the  case 
where  e  <  1  . 

The  theorem  given  above  is  obtained  by  means  of  an  in- 
ductive construction,  whose  relation  to  the  theorem  ia  provided 
in  the  following  lemma. 

Lemma  3.1   Given  an  infinite  sequence  of  subsequences  ot'0^f 

.xJ  ..-^-^^   l-'^S   -'-"^n     n+1  ""■"  •-' 
such  that 

(3.1)  <3  ^'Ls    (n,  \^)  linked,  X  >  1-e; 

(3.2)  :^n'('^^-  I'n+l^'^-'l)   » 
for  all  n  >  1;  define 


^  '    =   11m  c/ ' 


(30)  ^   '    =   llm£/  '(n)      . 
n — >co 


I] 
The   condition     £\  (i^  )    >  0  can  be   weakened   to  lim  p(A    )    >  0, 


n' 


,ii 


ni 
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Then,  the  sequence  QJ       la  completely  1-C  linked. 

Proof;   Suppose  that  B  e  [^i  (n)],  A  tJ^    (n)  .   Then 

B  e  [2^  (n)]  and  A  e---f  (n)  .   Then,  sincevT"   is  (n,X^)  linked, 

P(B)  >  0  ,  and 

P3(A)  >  \^  P(A)  >  (1-e)  P(A)  . 

Hence, '^^   is  (n,  1-e)  linked  for  every  n  >  1,  and  consequently 
completely  (1-e)  linked. 

Thus  in  order  to  prove  Theorem  3*1  we  need  only  construct 
the  sequence  of  subsequences  described  in  Lemma  3«1«   This 
construction  will  in  turn  be  made  to  depend  on  the  following 
lemma. 

Lemma  3«2.    Given  an  Infinite  sequence^»>^  =  (A^.Ap,...) 
such  that  /\  (tl'  )  >  0  ,  and  a  set  B  such  that  P(B)  >  0  and 


(3.1;)   Pg(A^)  >  (1-X)  P(A^)  , 


for  all  n  >  1;   for  any  '•'?  >  0  (however  small)  there  exists 

an  infinite  subsequence"^'    =  (A.  ,...)  cz^-'  such  that 

^1 


Ij'\Mn.ti 


,  be-Aiill  ,  (  3*1)    V-* '^^^  *  i^qA'cu-i 


joa'icreno-i   vine  ba-in  ew   X.c  ;'jStoeaT   avoiq  oJ    -.-^ybio   r.l   sun'r 


i  . , .  ,f  .^ ,  -A  /  Aon©;  ■i.nl'uil   ni5  nc 


>rL"   0  <    fOV^    ■+.cr{j  rfoof^ 


)    A      cp.-i-^  r'oi.fS 


'^~^)  :^  ^./-n''     ^^-^^ 


6. 

(3.5)     Pra     (^i  )  t  n-^-x )  P(A.  ), 

for  all  [J.  >  1. 

Proof:   Kotc  first  tl-^at  for  ti  =  1,  (3.5)  holds  automatically, 
so  that  once  the  subsequence  ^^    is  constructed  we  need  only 
focus  on  the  verification  of  {3'S)    for  ^i  >  2. 

Negating  the  assertion  of  the  lemma  provides  that 
for  each  A.   e \/, 


^BA,  <-'^j'  ^  'l-^-'f'  P'*j' 


for  all  j  >  i  ,  except  for  a  finite  number  of  exceptions. 

This  in  turn  allows  us  to  construct  an  infinite  subsequence  tI/"  " 

of  (;£  ,   ,^"  =  Ya  .^,  A  .p,  .  .  .V  ,   such  that 


(3.6)  Pr»   (a    )  <  (1-X-n.)  P(A    ), 

for  all  pairs  (QTit^)  ^^i^h  d^<  ^, 

Letting  X- ( ^/A )  denote  the  characteristic  function  of 
the  set  A,  we  have 


noij-ieaas  ^LUsg^PI 


V,; 


^rs 


f.    HQiSS    10} 


.Tiij-i 


""-■^. 


n 


0      <    J   f  ^X(  .^JlBA.^-  ^,>_^  P(BA_,        I    dP(u.  ), 


'J~. 


(3.7)      y  P(BA      A         )    >     ^   J    ^;  P(BA       \ 

•0^=1,..., n  V'''^  i  ^=1  <^ 


T'=l,  . .  .,n 


^ 


V/e   next   reiNirite    (3.7)    in  the    form 


n 


(3.8)  y~  ^(^^i  ^  ^ 


^^  It     ^T  <  rin     ^"i 


^BA..      (^J        ) 


ir      r 


n 


>    211  P(BA        ).^ 
'5=1  *^ 


Pg(A         )    +   0(n) 


Using   (3.I4-)    on  the   right  of   (3.8),    ^--'e   get 


(3.9)     ZZ  P(BA.       )    > 


■"ba,    <*i   > 


n 


>  (i-x)  ZZZZ 


^     P(BA.      )P(A.      )    +   0(n), 


Using  (3.6)  on  the  left  of  (3.9)  this  yields  in  turn 

r 


(3.10)   1-X-b  >  1-X  +  0  (  n/  >     ~ 

However,  since  by  (3.I4-)  and  the  definition  of  /\  (tl''  )  >  0, 


P(3A    )P(A    )  1  . 

J-        X 


>        P(BA    )  P(A     )  >  (1-X)   A,  ^  (:^^-^  P(B), 


r 


,(rOO    +    ( 


f.     r. 


\  -^  ♦ '..  < 


-7     ••' 
'        I. 


-r ;  N 


{?.< 


.(n)0 


.i) 


'     1 
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we  see  that  by  taking  n  sufficiently  large  (^.10)  implies 
'7  <  0,   which  is  a  contradiction.   The  lemma  then  follows. 

Proof  of  Theorem  3.1 

3y  applying  the  Lemma  3.2  we  now  proceed  to  the 
construction  of  the  subsequences  ^^^    described  in  Lemma  3*1» 
We  begin  by  applying  Lemma  3 .2  with 


.^r  =  ^ . 


B  =^  the  whole  space  , 
X  =  0  , 
\  =  e/2  . 


The  subsequence^   provided  by  Lemma  3.2  is  then  taken 

ft 
as  ;i^ -.  ,  and  by  (3.5)  this  is  clearly  (1,  X,)  linked  with 

X^  =  l-e/2   . 


Now  assume  that 


d:>0i':--:-d'2'-'^...-'^'n  ,  (n  >  1)  , 


have  been  constructed  so  es  to  satisfy  (3«1)  and  (3»2),  with 

X.  =  1-e  J~       1/2   .  Consider,  then,  a  Be[0  (n)].   Since'f^ 
1=1  -?»^ 

is  (n,X  )  linked,  P(B)  >  0,  and  for  any  A  e  {^^  (n)  we  have 


PgiA)  >  X^  P(A), 


Thus^y^=-  (n)  satisfies  (3.li)  with  X  =  l'\,    and 

^  (GO   (n)  1  >  /\   i'^  )    >  0,    so  that  Lemma  3.2  may  be  applied 


ft  ■        -  : 

feci  J      Qr;f     ilS«&0O'i.T     (V^'SfTl      ©!-;      S.f.      iS^sfTt'-f/J      firf^j 


,    ss/i'Te    i;ioriv 
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H-.  f 


'  ■    n-'- 
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with  ^(^  =  e/2       This  provides  a  subsequence'^  l^'^'n^^^* 
on  which  (3«5)  holds.   Proceeding  next  with  another  B  in 
[2f  (n)]  we  extract  a  subsequence'^  ?  *^  ^  1  ^^^^  that  (3»$) 

holds,  this  time  with  the  new  B.   Repeating  this  process  until 

J'', 
the  finite  numbpr  of  B  in  [(j  (n)]  are  all  accounted  for,  we 

arrive  at  a  ^-^   which  is  an  infinite  subsequence  of  w  (n)  , 
m  n 

having  the  property  that  for  all  B  e  [y  (n)],  and  any 
^1   ^'^^  m'  ^^  -  ■'■* 

n^-1     . 
(3.11)   P^   (Aj  )  >  (1-e  Z~     1/2  )  P(A,  )  . 
1-,    n  1=1  tx 


i''e  then  define  the  infinite  sequence  ^^^.t  by 


(3.12) 


1 
n+1  ~  ^  -   n^"'  '  '^-'  m  r 


J'.'-Ui^-^,'T\. 


Clearly,  (3.2)  holds,  and  (3.11)  together  with  the  facts  that 
(^^  is  (n,X^)  linked,  and^r'^'^C:  <d ^^'^) ,    implies  that  '^ ^^^   ^^ 

n+1     . 
(n+l,X^^^)  linked,  (where  X  ,  =  1-e  y        1/2  )  .   Thus  we  see 

thatQf  ^^^  CI  ^5n  ^^^  satisfies  the  requirements  of  (3«1)  and 

(3*2) .   The  inductive  character  of  the  construction  of  thei^V 

n 

has  been  established,  and  Theorem  3«1  is  proved. 
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Theorem  3.2   Given  an  infinite  sequence  (;  such  that 

A  (^  )  >  0  »  and  any  e,  0  >  e  >  1  ,  there  exists  a  subsequence 
^   '^  4^  »  such  that  for  any  E^  eQ   ,  i  =  l,...,k,  (any)  k  >  1) 


(3.13)    P  [  [}i  E^  i  >  (l-e)  ^-^  ft  P(Ei) 


Proof:   The  subsequence  '^'J       is  taken  here  to  be  the  one  provided 
by  Theorem  3.1.  We  further  assume  that  the  E^  are  listed  here 
in  order  of  this  occurence  in  the  sequenc^^  ;  and  set 


B.  -   ._-,  E^  >  J  ~  1>«»»»  k-1  . 


then 


(3.1U)    ^(r\  E^  V  ^^^i^   "i^  ^B,  (^M^' 

1=1     ^  J  -L     J 


i' 


and  since./)   is  completely  (i-e)  linked 


(3.15)  Pg  (Ej^i)  >  (l-e)  P(^j+i)  »  J  =  l,..ck-l  . 


(3.13)   is  then  an  immediate,  consequence  of  (3.1^4-)  and  (3»l5). 


Corollary.  The  subsequenoe'-v    produced  in  Theorem  3.2 
has  the  property  that  for  any  S  e  f^j  ]  , 
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(3.16)        P(E)  >  J  (1-e)  A  i6   )p^^  . 

Proof:   This  is  immediate  from  (3  •13)  and  the  fact  that 

A  (c^-')  iZA  (<^')  . 

The  above  corollary  is  In  form  most  closely  related 
to  the  Khlnchine  -  ''■'Isser  theorem,  which  only  requires 
condition  (3»16)  for  the  case  when  p(E)  =  2, 

3a.    A  counterexample.   At  first  glance,  the  above  results 
sug-est  the  possibility  of  something  like  (3.13)  without  the 
full  hypothesis  /\    ict>  )    >  0.      In  particular,  it  is  natural  to 
attempt  to  replace  the  hypothesis  /\   itj  )    >,0  by '^3  P(A^  )  =  oo, 
where  the  A.  are  the  sets  of  the  sequence  "^  .   The  following 
simple  counterexample  shows  that  this  is  not  possible. 

Let  E,,  Bp,.**  be  any  infinite  sequence  of  mutually 

disjoint  sets  such  that  P(B.)  >  0  ,  for  all  i  ,  We  then  form 
the  sequenceii)  by  first  repeating  B^ ,  n,  times,  followed  by 
Bp  repeated  n^  times,  etc.   ^'e  then  have 


—         oo 
U-   P(A^)  =   ^  '^i  P(B^)  . 

which  diver  res,  and  as  rapidly  as  we  like,  by  an  appropriate 

choice  of  the  n^.   Furthermore,  it  is  clear  that  (3.13) 

does  not  hold  on  any  infinite  subsequence  of w  ,  for  any  k  >  1 
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il^. .   Further-  generalizations  of  the  Khlnchine-Wlsser  Theorem 

The  generalization  of  the  Khlnchine-visser  Theorem 
provided  by  Theorem  3.1  focuses  on  estimating  certain  con- 
ditional probabilities  from  below.   However,  as  we've  seen, 
the  estimate  (3.13)  given  in  Theorem  3-2  is,  in  form,  more 
closely  related  to  the  original  results  of  Khinchlne  and 
Wlsser.   In  considering  the  question  of  possible  refinements 
of  this  estimate,  it  is  only  natural  to  ask  whether  or  not 
the  subsequence  s?^       can  be  chosen  so  that  the  dependence 
on  k  occurlng  in  the  factor  (1-e)  ,  in  (3.13),  is  removed. 
The  answer  to  this  question  is  in  the  affirmative,  and  we 
formulate  this  formally  as: 

Theorem  tj.l.   Given  an  infinite  sequence0  such  that 
/^(^  )  >  0,  and  any  e,  0  <  e  <  1,  there  exists  an  infinite 
subsequence  «;^  'c_;^5  ,  such  that  for  any  E.  e  ^   , 
i  =  l,.,.,k,  (any  k  >  1),  we  have 

k  _k 

(i^.l)  P(  n  E^)  >  (l-e)   IT  P(E^)  . 

1=1  1=1 

It  is  clear  that,  by  the  same  derivation  used  to  ob- 
tain Theorem  3*2  from  Theorem  3.1,  Theorem  l+.l  would  be 
an  easy  consequence  of  the  following. 


,  CJ 
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Theorem  1;.2   Given  an  Infinite  sequence  0   such  that 
^(^  )  >  0,  and  any  infinite  sequence  of  real  numbers 
e,,  1  =  1,2,.,.,  0  <  e.  <  1,  there  exists  an  Infinite 

subsequence  ^  C-  Ji   such  that  for 


f  t 


^1   ^2       ^k-1   ^k 


(any  k  >  1),  and  any  A  e  ^  which  appears  in  the  sequence 
after  all  the  A,  ,  ^l  =  l,,c.k,  we  have 


(1+.2)  P^   /-,    n  a/A)  >  (1-  e^)P(A) 

^1   "•    ^k 


We  note  that  Theorem  y.\   is  simply  the  special  case 
of  Theorem  \\,2   in  which  all  the  e.  =  e.   The  added  strength 

of  Theorem  \\.2   lies  in  the  fact  that  e.  may  be  chosen  so 

as  to  tend  to  zero  as  i  — >  oo,  and  as  rapidly  as  we  please* 

Fe  shall  in  fact  obstain  the  following  slightly 
stronger  assertion: 

Theorem  )-t..2A.   Given  an  infinite  sequence  "y!'  such  that 
/\(^)  >  0,  and  any  function  (|)(u)  >  0,  such  that 

(j)(u)  — >  0  as  u- — >  CO,  there  exists  an  infinite  subse- 
quence ii^     .^  ,?)    such  that  for  all 


riots  a    •*    *'. 


•rol    i: 


&<?;' 


-  ii    y;aflj 


rf  J  ^0e5  I  '  ■■ 


.  1^  -f     ^r  ^  r^sf. 


d-i   s?'!)'^ 


O?     fTC?. 'i'^C     ^ 


~      .«  jj  ^i  4 


J  [    S,  il  m^-- 


\'I^d: 


Ik 

A.  ,  A.  ,,♦,., A.    ,A,   e  o  f 
^1   ^2      ^k-1   ^k 


(any  k  >  1),  where  the  A.   are  listed  in  order  of  occurence 
in  ^  ,  we  have 


^1       ^k-1 


Remarks . 

(1)  Theorem  U.2A  provides  a  corresponding  strengthe- 
ning of  Theorem  i;.l  In  which  the  assertion  (U,l)  is  replaced 

by 

(I+.IA)   P(  n  A,  "^  >  TT  (l-ci(i„))P(A.  ) 
|i=l    ^    n=2  "^ 

(2)  Theorem  I4..2A  is  an  immediate  consequence  of  the 

apparently  weaker  statement  which  asserts  that  there  exists 

some  function  4  (u)  ^  0>  lii^   4  (u)  =  0,  and  a  subsequence c/ 
°         u->oo  ^ 

such  that  (1+.2A)  holds,  (with  4   for  4)'   This  follows, 

C' "      r  t 
since  by  a  further  extra'^.tion  of  a  subsequence  sc;'   f rom  o  » 

it  can  be  arranp;ed  that  4   p:oes  to  zero,  as  fast  as  we  like, 

over  the  original  ^>i  indices  of  the  sets  of  o  .   That  is, 

If  (|)  is  given,  S      =  ^E, ,  Ep,..^),  E  =  A.   in  S    , 

we  arrenge  that 


i4    Vi 


IS 


i^(i^)  tiM- 


The  remainder  of  this  section  will  be  devoted  to  the 
proof  of  Theorem  i|.2A.   For  this  purpose,  it  is  useful  to 
Introduce  the  function  e(B|c:^),  defined  for  every  measur- 
able set  B,  by 

(I;. 3)  e(B|ii')   =  11m  .1-  pf^y-  ..• 

This  may  also  be  written  as 


Pp(A)  ,  . 


Lemma  ij-.l  Given  an  infinite  sequence  ,5^"  there  exists  an 
Infinite  subsequence  '2i  ci  c^     such  that  for  all 
Be  \^    J ,  we  have 


(i|.5)  11m,  -~^-~     =   l-e(.8M  ). 


Proof:   Let  A,  be  the  first  element  of  £  .   Choose  a  sub- 
sequencer^  ^  '    of^  such  that 

P^   (A) 
iJ-(ll)  '-^=l^eU^W^^'^). 

Let  A2  be  the  first  element  of  ^:i  ^    ,  (after  A,),  and 
choose  an  infinite  subsequence  :::S  C<r^     ^  ^such  that 


0  ■ 


■/■■I  -".V 


,  ( 


p.':    c  J 


V.  ^-*    « 


{■'. 
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Ji^,  (12)  — rrr  =  ^-''*2'^      '• 


Note  that  we  also  automatically  have 

"™  (12)  "pTaT — =  l-e(Aj^|<^    ); 

and  In  fact  e(A^|,'f  ^'^^'^   =  e(A^|^^^^^).   Continuing  with 
this  process  we  produce  an  infinite  sequence 

J.  ^^^  =iA    A      i 


juch  that  for  any  A.,  i  =  1,2,.,, 


^A   ^^) 

^^5  <i>  -pTAT—  =  i-e(Aj^^i^). 


Next,  we  fix  A,,  Ap  and  extract  an  infinite  subsequence 
ri  ^^"""^  e  J  ^'■'■^2^,  s^ch  that 


Ji^  (21)  -FTAF =  ^  -^^V^  A^U,^^!^. 


Let  A^  (this  requires  a  convenient  renamin^'i  of  sets)  be  the 

(21) 
first  set  of  ;^'     ,( after  A,  or  Ap),  and  choose  a  subse- 

(22)     '■     (21) 
quence  ^  ^    ^'   cr  ^  ^    ^'    such  that 


,    V 


'f  r 


■?    xo'i  i 


fcne    .A    ,  rA   x.n    ov    ,  *X;;tl 


■9CC^tJ'=i 


"y^  »j«K 
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VOA.   (^) 


llm  (21)  -HtIj— =  1  -eCA.nA^li^^^^). 


Let  A^  (this  requires  a  convenient  renamln,^  of  sets)  be 

(21  ) 
the  first  set  of  >^     ,  (after  A^  or  A^),  and  choose  a 

n (P?)  (21 ) 

subsequence   <;23    cz  S  such  that 

A  O  A     ' 
1^^(22)  --^ptIt—  =  ^  -  ^(AinA3l^<22)j 


and 


Pa  r,  A   (^) 
J^;-  (22)  -^TTTT— =  ^  -  e(A2nA3|^(22)j 


Clearly,   we    also  have 


^A   0  A    ^^^ 
f^^(22)   -Hrll =   1-^(^1'^  A2|c^^(22)j^ 


Lettln^  A,  (again  a  renaming)  be  the  first  set  in  ;?' '^^' 
(after  A^,  A^,   A^),  and  continuing  this  process  we  produce 

a  subsequence  c£  c  (^  ^  •'■  ^  such  that 


■■-  i 


■  r^ed 


• 
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for  are  B  e  [5^  ^^  ^]such  that  p(B)  <  2.   We  note  further 
that  c^^         hes  retained  the  first  two  elements  of  d? 
Continuing  then  anal^-ously  we  can  extract  an  infinite  sub- 
sequence S'^  '^  >^       ^   such  that  5?^-'   retains  the  first 

<  2  > 

three  elements  of  ^     and  such  that 

for  all  B  e>i"^  ^  such  that  p(B)  <  3.   Continuing  indlrect- 
ively  In  this  way  we  define  i7?     for  all  k  >  1  with 
analogous  properties,  so  that 

<k  > 


^  =  11m  .^  *^   (k) 
satisfies  (I;. 5),  for  all  Be  \  rb    ]. 


We  note  that  the  sequence  ^   produced  by  the  above 

.11 
lemma  has  the  property  that  for  .^     any  infinite  subsequence 

t  t 

of  Ji-^    ,  and  all  B  e  [  ^.  ], 


(I;. 6)  e(B|  ^')  =  e(B,  ^"^ ) 


and 


Pn(A) 


(i|.7)  lim^  «  pf]rr-=  1  -  e(B|./'). 


In  other  vords,  the  characteristic  properties  which  dictated 

t 
the  construction  of  -^     are  inherited  by  every  infinite 


-  ti 


>>.--•  7  f    ■  r 


..ij        C^si  I 


U:ii 


-  •♦  r^  t^-t  i 


.'  -'  ;■ 


■:     -i  •:     ■      "■!      '   . ,   ,. 


f.'j:  t.'i 


■  (/    Vi't.f^ 


r!OC      3111 
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r.   I 

subsequence  of  0    , 

This  observation  leads  to  t he  following  sharpening  of 
Lemma  I4..I. 

Lemma  U.2 .   Let -^  be  a  given  infinite  sequence  of  sets. 
For  any  sequence.-.''  of  sets,  and  any  A  e  rv  ,  let  rCAJ^-'^) 
denote  the  order  of  occurrence  of  A  In  -^'  ,   There  exists 
an  infinite  subsequence  ,:V  ■—<?/,  such  that  for  any 
B  e[  25  ], 


(1;.8)      -2^^  =  1  -  e(B|d  )  +  E(B,A|^  ) 


with 

(U.9)      |E(B,A.j^'")l  <r(A|.'^')-^ 

for  all  are  A  e  <6   such  that  r(A|;;:^  )  is  larger  than  the 
order  of  occurrence  of  any  "factor"  of  B. 

Proof:   ^"'e  be  :in  by  extracting  f  rom '<f  the  infinite  subse- 
quence provided  by  Lemma  )+.l,  such  that  {h,,S)    holds,  which 
we  here  denote  by  -S  '^.   From  the  remarks  preceding  this 
lemma  we  see  that  if  ^^   is  any  infinite  subsequence  of  5'?", 
and  B  e[  /^"] ,  A  z^j  , 


(1^.10)  E{B,A,  ^  ")    =   E(B,A,^/  ). 


'to  isnl 


r  tK  i  .".  ■"-•     :■•"■  .■.-.;■ 


>      -R 


,  J 


bi-f-i 


r  ?'    .1  s. 


'ii  !  1       '• 


:UtdIi 


20. 


T'hus  since 

r(A|>^'<  rU\<r''') 

we  see  from  (1|.10)  that  If  (I4..9)  were  to  hold  on  .6'      It 
would  also  certainly  hold  on  '"^ .      More  generally,  if  (I;. 9) 
holds  on  any  infinite  subsequence  of  ^^  ,  its  validity  is 
maintained  under  further  extraction  of  subsequences,   using 
this  fact,  tOiTether  with  an  inductive  construction  similar 
to  the  one  used  In  proving  Lemma  U.l,  it  is  an  easy  matter 

to  extract  the  desired  subsequence  ^<      out  of  the  subsequence 

-/* 

• 

From  this  point  on,  we  shall  adopt  the  following 
convention:   Given  any  sequence  v^,  let  ;j   be  the  subse- 
quence of  (2)  provided  by  Lemma  \\,2»      Then  for  any  B  e  [  jo  ] 
wo  write 

(t^.ll)  e(B)  =  e(B|  f). 

Thus  e(B)  is  defined  invariantly  with  respect  to  all  infinite 
subsequence  of  ■-.>  ,  which  eliminates  the  necessity  of  car- 
rying such  sequences  notationally  in  the  function  e(B). 

Lemma  t|.3»   Let  r^   be  a  f-iven  infinite  sequence  of  seta  such 
that  /^(  ^'  )  >  0.   Then  there  exists  an  infinite  subsequence 
•?1   cr,^'*  such  that  for  all  B  £[^5  ],  and  B  =  -Vthe  whole 
space),  either 


.^r:  I 


a  ■ 


6ti- 


■Ji 


■-.''■'?      ^^.  o      ew 


OIT 


id.:;-: 


-»iJ*r    1^    "-t 


•S'T 


'''t 


tl-.L- 


(-i-)r 


21. 
(a)   e(BA)  <  0  for  all  A  e  ^'  which  appear  in  c^f 

after  all  of  the  factors  of  B,  or 


r   ini3 


(b)      e(BA   >   0      for  all  A    e    ^'    which  appea 
after   all  the    factors    of  3. 

Furthermore, 


(Li. 12)  .> ,     e(A)    <    00, 

Ae^' 
and  e(A)>0 

(l|.13)        limv    e(BA   <   e(B),      for  all  B   e    [  ^"  '] 
Ae^' 


A  B   e    [4*']    such  that    (a)   holds   will  be    referred 
to   as    of  "ty^e    v"    ;    and    if    (b)    holds,    of   "type   7i" .      The 
subsequence  <d      will   thus   have    the    further  property 
that   if 

B  =   B'B",    B',B"    e    [,^'  ], 

such  that  all  factors  of  3"  follov  all  trose  of  B', 
in  <^ '  ;  and  B'  is  of  type  v,  then  B  is  of  type  v. 
Thus,  it  follows  that  if  B  e  [^']    is  of  type  n    ,  then 
for  any  decomposition  B  =  B'B"  such  as  described 
above,  3'  must  also  be  of  type  %, 


';i 


Proof:  (i)  We  benin  by  extrgctino  the  subsequence  r^'"  and 
further  thinninfr  It  out  if  necessary  so  that  (3.13)  holds 
with  e  =  1/2  for  all  >  1..  then,  either 


(a),  e(A)  <  0  for  Infinitely  many  A  e  ^ 


or 


(b),  e(A)  >  0  for  all  but  a  finite  number  of  A  e  o)  . 


If  alternative  (a),  holds,  let  "v   '  denote  the  infinite 
subsequence  consisting  of  the  A  e  ^   such  that  e(A)  <  0. 
If  alternative  (b),  holds,  let  ^55    denote  the  infinite 
subsequence  of  "^^  obtained  by  deleting  the  finite  number 
of  A  e  ■/S'^   such  that  e(A)  <  0.   Thus,  either 


(a)^  e(A)  <  0  for  all  A  e  J^ ^^^ 


or 


(b)^  e(A)  >  0  for  all  A  e  v)  '^^^ 


Under  alternative  (b),  we  next  wish  t o  show  that 


/  s 

(  3  For  the  convenience  of  a  later  argument  we  assume  to 

begin  with  that  (by  a  subsequence  extraction)  it  is  arranged 

once  and  for  all  that 

11m  P(A)  =  a  >  0. 

Ae  .^ 


bap. 


'C-n    \,k.J-*i) 


■'■J     "lOflJru'I 

<    ilr^  lol   S\I    --■   3   ri;?lv7 


"•O 


l>'^3    ^,- 


r- 1 .'  ' 


ffc  \       o  •  •  f  -+  f%  r»"Y  o  "^ 


or- 


•tot 


■■>        O     ■•      (  !'  )  -a 


'CO 


,('-0 


tipm.eolG  'iel:.-  " 


!-;J    e-n.'' 


23. 


(i;.iU) 


Aai 


(1) 


e(A)    <    CO. 


To  achieve    this  we   consider  the    lneqi.iallty  derived   In   the 


(1)    _ 


^ 


proof   of  Lemma  3.2.      If    -ri         =     A^,Ap,,,,,  .'  this    gives 


(1^.15)  I  P(A,A    )  >     2lZ     P(A,)P(A    ) 

l<l<n  ll^in 

Prom  the  construction  of  ^  ^  '  as  a  subsequence  of  .:;<'', 
we  have  for  1  >  J, 


P(A^Aj)  =  P(Aj^)P(Aj) 


(1-  e(Aj))  +  0  (  ^  ) 


so  that  (14-. 15)  yields 


0(n)  +  ZZ:p(A.)P(AJ    (l-e(A.))  +  0(-\) 
n>l>J>l        ^   L      ''       i 


"^ 


1,J 

n>l>J>l 


P(A^)p(Aj) 


This  In  turn  reduces  to 


■r- 


n>l>J>l 
1,J 


e(A  )P(A,)P(A.)  <  :     0(-^)  +  0{n)  =  0(n). 
J    i    J    T<n.         i-^ 


J<n 


.  y :., 


,.^'-'     .'}     p.£,v.f.-f.,  f-,    -r-1 


'•*'S-' 


^.;3 


i^i'i^i 


Ic 


incT   f'ff-t  fffot'i 


'-    ^    0    ^    {( 


J-riJ    .:-^ 


1,  AH;  ./^)^   ~*^      +    (a)0 


r> 


2U. 


Since  P(A^)  >/\^/^iS)    >  0,    this  gives 


TZ   e(A,)(n-J)  <  0(n) 
FT    ^ 


Finally,  since  the  e(Aj)  >  0  f cr  all  J,  r■^e   set 


n/2 

7_Z  e(Aj  =  0(1), 

"Fi   ^ 

which  implies  (I4..12) . 

Next,  let  A,  denote  the  first  set  in  Ji        .  Then 


either 

(a)p,    e  (A^A)  <  0  for  infinitely  many  A  e  -"^    which 

follow  A^; 

or 

(b)2-,    e(A,A)  >  0  for  all  but  a  finite  number  of  A  e  ^   • 


(21) 
If  alternative  (a)2]^  holds  let  ,j^^  be  the  infinite 

subsequence  of  ^:'    composed  of  the  infinitely  meny  A  e  ^' ' 


such  that  e  (A^A)  <  0,  together  with  A^  itself.   If  alterna- 
tive (b)2;i_  holds,  let  c.^^^"^    consist  of  A^  together  with 
those  A  e  ^^-^^such  that  e(A^A)  >  0.   Thus,  either 


(  .  A )  ? 


ion    e; 


■•a   ^YlLsa- 


.1         -t  ,.    -         -4  -..•  .    I  '^         11  -f    J 


':    Jb  -f  ;*    f-  "* ") ." : 


??fr^;; 


Yiei.'r. 


?  pA     U!-\J.  1^1 


TV 


AjrA)'. 


rt: 


^i^> 


■i;-.'^ 


25. 


(21), 


(a)p,:    c(A,A)  <  0  for  all  A  e  .-^^  -^'whlch  follow  A^; 


or 


{h)p.:        e  (A. A)  >  0  for  all  A  e  >i:^^'^' which   fallow  A^, 

Next  we  show  that  if  S        '   was  formed  under  alterna- 
tive (a)ii»  then  alternative  (a)2]^  must  hold;  or  equivalently 

that  alternative  (b)^!  cannot  hold.  This  is  an  immediate 
consequence  of  (I).. 13)  in  the  case  p(B)  =  1,  which  may  be 
proved  as  follows.  Let  •t'j   '  =  ^'A,,  Ao,.**  V  ',    then 


(L^.16)   P(A^)   ^ P(A^A^Aj)  >   >__ 

v/^<i<n  ■^'yn<i<n 


P(A^A^)P(A^Aj) 


Vh<j<i 


<n 


3  AT. 


•/n<j<n 


Furthermore,  our  assumptions  provide  that  for  J  >  i 


(I4..I7)   P(A^A^Aj) 


P(Aj)P(A^A^) 


1  -  ti^^k^)    +  O(^) 


and  for  all  J  >  1 


For  the  convenience  of  a  later  argijment,  we  discard 
the  finite  number  of  A  e  7^   such  that 

e(A)  >  1/2. 


;  fA  fioiloJ  riolrfvT 


It -I.;,     -vi?!       V,* 


?; 


-A   v^ 


r ,  ■ 


:.     (^rA)      4 


10 


r  BfT't  o :;,  i  r 


si 


-S     ^ 


i  J. 

t ^_n -^p o    ,-  -  ( rf  )■    «■ '  M  :>  tit  fi»,1  i  f:    ;?Bflvl 


A       *  V  r*" 


rt>x-nv 


i   -  i  ■^o.'x  ;k 


,e'T(o,itrfad.-J;.yl 


/  -,r-  ' . 


V  ; 


<TI.;1JI 


.1   a 


i   <   f    Xlf?  10I   hrrrj 


-^\i 


2S. 


(U.l8)    P(A^Aj)  =  P(A^)P(Aj)   1  +  O(^)  -  e(A^)^^  . 


Inserting  (U»l8)  properly  Into  (1|.16)  yields 


■^i/n<i<n 
//'n<J<n 


n 


>  P(At)   >  P(AtA.)P(A,)  -/'  l+0(ir)  -  c  (At)\+   0(n), 

■^    i,j        ^         -^    ^-^      r  -^ 

^i/n<i<n 


or 


(^►19)      EI  P(A^A^Aj)    >    (l-e(A3_))> P(A^A^)P(Aj)    +   0(n) 

i  >  J  i »  J 

^;/n<l<J<n  ^i/n<i<J<n 


But    (l|.19)    implies   the  existence  of  a  pair   i     =   i    (n), 
Jo  =    Jo    (^) 
such  that 


^//^  <   io   "    Jo  ^  "' 


and 


(U.20)  P(A   A      A       )    >    (l-e(A     ))p(A   A       )P(A       )    +    O(^) 


O      ''O 


^    f ,  A  ..  A  V 


I  ( n )  0    .     '  3   *,  { 


A)«r  < 


I, 


3-1) 


.r.-.j) 


, ;  n .. 


fr©    £. 


iH       .1: 


..J. 


3-r 


27 

i 
Combining  (I|.20)  and  (l^..7),  and  usln  that  J^  >  n 

(I;. 21)  P(A.  )P(A,A   )(-  e(A,A  ) 

•"o    ^  o       ^ 

>   -  e(A^)P(A^A^  )P(Aj  )  +  O(^). 


Then  since  P(A,A.,  )P(A.  )  is  bounded  av;ay  from  zero  uniformly 

Jo    ''o 

i^  ^o'^o'  ^^^ 

0  >  -e(A^A^  )  ^  -   e(A^)  +  0(i), 
o 

This  In  particular,  completes  the  proof  of  the  fact  that 

if  alternative  (a),  holds,  alternative  (a)2T  must  hold. 

(21) 
Next   let  Ap   be  the  first   set   in     o^    ^'    after  A,. 

Then,    either 

(a)22J    e(A2A)  <  0  for  Infinitely  many  A  e  S^^'^ 

which  follow  Ap; 

or 

^^^22'        €(ApA)    >  0     for  all  but   a  finite   number  of  A   e^^^^^^ 


(i)        We  have  this   because   of  our  initial  arrangement   that 
(3-13)  hold  with  e  =   1/2. 


'n^ 


'.'■i 


1    S.fli^':.!fi-!0'.3 


i^otl    v 


*   i 


o 


i  ...1  y 


'  '■■■"I   ctf    8  MT 


^  4 


•■:o 


(X 
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(22 ) 
If  alternative  (a)pp  holds,  let  ^     be  the  in- 

,(21) 
finite  subsequence  of  ■■:^  composed  of  the  infinitely  many 

A  e  .-^  '  such  that  eCApA)  <  0,  tosether  with  A  and  A  . 

If  alternative  (b)pp  holds,  let  .'^  consist  of  A,,Ap, 

/  PI  \ 

together  with  those  A  e  (j  ,    which  follow  Ap,  and  are 

such  that  e(ApA)  >  Ot   Thus  either 

(a)22=   ^(A^A)  <  0  for  all  A  e  -/^^^  which  follow  k^; 


or 

-I??) 
(b)22=   e(A2A)  >  0  for  all  A  e  J^^  which  follow  A2. 

By  argument  entirely  analogous  to  the  one  given 

above  for  ^  ,  it  can  be  shown  that  (i|.  13)  holds  for 
p(B)  =  2  and  hence  that  alternative  (a)pp  must  occur  if 
alternative  (a)^  occurred. 

Repeating  the  above  procedure  inductively  produces 

an  infinite  sequence  of  subsequences  ^      ' '  ,k  =  1,2,..., 

such  that 

(i)^    ^.(2,(1<.1)  c_.j(2,k)    . 

(ii)^^   ^  ^2,k+l)(,^^^^  c$-(2,k)(^^^ 

(iii)j^     for  any  A.  e  (;^'^^''' '  (k) ,  either 


^o 


i-r> 
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(a)o  ,  '      c(A,.A)    <  0   for   all  A    e    c^^^'^^which  follow  A      ; 


or 

(b)2  ^'        e(A^A)    >  0      for  all  A   e    rS^^*^^   which  follow  A^ 

(Iv),    the   alternative    (a)-  j,  holds    If  the   alternative    (a), 

held    originally. 

Ve   then   see   that  the    infinite   sequence 


(1;.21)  S^^^   =   li"i       J^'^hk) 

k->oo 


is  a  subsequence  of  :S        ,  such  that 


(1+.22)  d^^^^(l)  '"  #^^^2)  ; 

and  for  any  B  €  [  ^^^^3  3uch  that  p(B)  <  1  either 

(a)2  :  e(BA)  <  0  for  all  A  e  ^^^^  which  follow  all  fact- 
ors of  B 

or 

(b)2  :    e(BA)  >  0  for  all  A  e  ,^i^^'  which  follow  all  fact- 
ors of  B. 

Furthermore,  alternative  (a)p  holds  if  (a)^  held  originally. 

(?) 
Next  we  take  the  first  two  sets  A,,  Ap  in  ^  and 

for  B  =  A,  1  A2;  we  have  that  either 


bA^' 


.i  Q^^^ 


,(  .V    '-rhi  '■   ^(i'^  ':i    ^hihn  ,, 


:..  <-« 


T,"*  ■:    '  p 


J    3oe   n:-::^    r' 


(  -S.ii) 


"^:.''     r'r;r»:^ 


s;'^    ; 


>;&    l5i;n  v;jp^'£d';B   e    s> 


:.      ^h, 


(SS:ij) 


-■  .■?  ■'  p. 


^•;v 


•la 
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(2) 
(a) ^,2*    e(BA)  <  0  for  infinitely  many  A  e  ^^  '  which 

follow  A^; 

or 

(b)^,2'        e(BA)    >  0     for  all  but   a  finite   number  of  sets 

A  e     '^(2) 

If  alternative  (a)^,,  holds,  let  .ri    'denote  the 
Infinite  subsequence  of  5?)   '  consistinj^  of  A,,  Ap,  and  those 

A  e  ,;^^  'following  A2,  such  that  e^BA)  <  0.   If  alternative 

(b),,2  holds,  let  ;^'  •  ■   denote  the  infinite  subsequence 

(P)  (2) 

of  S         consisting  of  A.  ,  A2,  together  with  those  k  t    :^     ' 

following  A2,  such  that  e(BA)  >  0,.  Thus,  either 

(a)-^2*    ^(BA)  <  0  for  all  A  e  i^^^'^^^   which  follow  A2i 

or 

(b)^^2'    ^(BA)  >  0  for  all  A  e  S      '^^^   which  follow  A2» 


then  by  exactly  the  same  argument  as  used  In  treating 

the  alternative  (a)2T,  (Just  replace  the  A^  there  by  B),  .It 

follows  that  if  (a)2  held  originally  for  B  =  A^  alternative 
(a), ^2  niust  hold. 

Letting  A^  be  the  first  set  of -:^/-^"^^^  after  A^,    we 

process  B  =  A^  (^  A^,  and  B  =  A2  ^  A^  successively  to  produce 


M^Jfliti    ic' 


£,j:»c    lo    ■r->QrfiLi'    O^Tin;"'!    ;      -Uf.;    1.16    10 1       0    <    x.V,;;3 


Si 


9l{.^    *»3  vtc-fc 


d:;C->-     i-'i;f'    i     ■      »  r*'    ■■  •      ••'»j'j  i;.* '•,'<>  ".■ 


(K? 


3r:X\fMij- ^eOU '^     v:;ii;-U^ 


i*r-¥-r..rrc    '!!       ,';■    -•    (Afr^J    r^d;'   .:.i^r;    ,,.A    --tN;/:-!    - 


*  ;;>x^J.;    -'C-^ii  i 


:.  ^  .i::X    Oil 


.  .,.,,...>^rC5v 
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'v-"> 


-.s^.    WOl, 


^.ir) 


-  >       ? 

♦■■V  'cf  S.vi  .  • 


cti-i'io    ;;i^;:-! 


..  ■  i .: rn  :  ■  ■ 


©'jJ.lvO  !»• 


"^.    r  »• 


_■  ;>    i-.'  '^ItT 
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a  subsequence  ,S      '  oi^    '^  such  that  A^,  A^,   A^   are 

Its  first  three  sets  and  for  B  =  A,<'1  A^,    or  A^OA^,  or 
A,0  A-,  either 

(a)^  1-3*   ^^^^^  ^  °  ^°^  ^-^-^  ^  ^  ^^^^'-"-"^^  which  follow  A.; 


or 


^^^3,1-3:    e(BA)  >  0  for  all  A  e  J^-^''^'^^    which  follow  A-» 

The  alternative  which  holds  depends  on  B,  but  again  If  for 
example  {B.)p  held  originally  f  or  B  =  A,,  (a)^  ,_^  must  hold 
for  B  =  A.ir!A2  and  B  =  A.j'^A^* 

Continuing  then  w ith  this  Inductive  construction  one 

,  (■> )      (2) 
produces  finally  an  infinite  sequence  -.'^     C:  -H        such  that 


^^2)(2)  ^     ^^^)(3)  , 


and  then  for  each  B  e  [  ^   ]  such  that  p(B)  <  2,  either 


(a)^:  e(BA)  <  0  for  all  A  e  -^^^^whlch  follow  all  the 

factors  of  B; 

or 

(b)^:  e(BA)    >  0  for  all  A   e-^^^^   which  follow   all  the 

factors  of  B. 


H     W'.'.  ^J.<J  I     <■  '.'.•  .• 


■^vr*    ; 


T?-. 


iSA  vrcjJioi  .;^  lcv 


V'-ti 


'•T'    1. 


J! 


oXUJ 


;«!.    AB    VS 


{•■^: 


,-;,,;;.     iZ-^f 


?  ::  a- 


■!■:'    O 


(r) 
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Furthermore,  If  B  =  A'A",  (or  A'),  (where  A"  follows  A«), 
A',  A"  t  ^^^' ,    where  A«  satisfies  (3)2,  as  a  B,  (or  A' 
satisfies  (a)^  as  a  B)  then  alternative  (a)^  must  hold. 

Finally  then  these  inductive  constructions  produce 

(k) 
an  infinite  sequence  of  subsequences  -^   ,  k  =  1,2,,,,, 

such  that: 


(U.23)  ^'^^^  C^^'''^ 


(1|.2U)  ^<^^^k)  ^  ^^^+^^(k+l)  ; 


and  for  each  B  e  [  ^   ]  such  that  p(B)  <  k-1,  either 


(a)^:    e(BA)  <  0  for  all  A  c^^/ ^^'which  follow  all  the  factors 
of  B; 


or 

(b)^:        e(BA)    >  0  for   all  A    e-^^^^^which  follow   all   the 
factors  of   B. 


Furthermore    if   B  =   B'B",    B' ,    B"    e    [  ^^^h,    where 

p(B)    <  k-1,    all   factors   of   B"    follow   all  the    factors   of  B' 

(k) 
in      ^^      ,    and   B'    satisfied   alternative    (a),    for   some   t   <  k; 

then   B  must    satisfy  alternative    (a)i^«- 


<   U        1    >  'l 


*-'?l'b'3=t<7    .~^f"' •■"■'   ••f.(- !■+!>. '■TO  ■■    fivfj-^tU 


r.  Hi,- 


)  5    ..     . 


'.to  IJ! 


Ct-.'  '• 
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Prom  the  above  it  follows  readily  that 


,^'  =  11m  ^  ^^^k), 


Is  an  infinite  subsequence  of  ^      possessing  the  properties 
quoted  in  the  lemma. 

Remarks 

It  follows  from  Lemma  U.3  that  If  the  sequence  ci 


contains  infinitely  many  A  such  that  e(A)  <  0,  then  there 
is  an  Infinite  subsequence  ^       ^.S     such  that  for  all 
Be  [  ^  J, 

(1^.25)  e{B)  <  0  . 

It  is  not  clear  that  this  conclusion  may  also  be 
asserted  if  we  assume  only  that  the  original  sequence  j^ 
(with  /\(-.X)  )  >  0)  contains  Infinitely  many  A  such  that 

e(A|,^-  )  <  0, 

and  possibly  this    is  false. 

In  any  event,    if   e(A)    <  0   infinitely   often   in    d   , 
([|.2'5),    tocrether  vclth   (I+.8),    and    (^.9),   yields   Theorem  i<..2A 
immediately.     Hence,    in   the   following  we   need   only       consider 
the    alternative  wherein   e(A)    >  0   for   all  A   e    .,3    .      By  a 
further   subsequence   extraction  we    can   arrange   that  either 


u 


etU   n,',  j-d 


K^-- 


:?:! 


e si  t'l  ocoTq   ari '   ,-vi  s 


"5t;tlnilr.l   n?    -T 
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,-1?va>/s  Trr»y  pi 
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(1)    e(A)  =  0  for  all  A  e  .-^  ( ii   an  Infinite  sequence); 


or 

(li)    e(A)  >  0  for  all  A    t  ^.    {  r^      a^^  infinite  sequence), 
under  case  (11),  ije  have  from  (L|.,12)  that 


2_ 


Ae^ 


e(A)  <  oo. 


The  following  lemmas  vjIII  provide.  In  particular, 
that  alternative  (11)  is  impossible. 

Lemma  U..k.     Let  ''£      be  the  infinite  sequence  of  Lemma  I4..3, 
and  assume  e(A)  >  0  for  all  A  e  ;^  ,   Let  "el(  ■>-'i^)  denote 
the  characteristic  function  of  the  set  A;  and  let  <■      denote 
the  set  of  fifth  powers  of  the  positive  integers.   Furthennore, 
if  <2^'   =  M^,  A2,..»  :  ,  let  M  be  the  set  of  (c  such  that 


(1^.26) 


I X('^Ma.  )  -  TZ  P(A4) 

1=1       ^    1=1    ^ 


>  n 


5/8 


for  infinitely  many  n  e  •c^/ .   Then 


(i|.27) 


P(M) 


0 


Proof:  we  have 


^  Licrri^ij^'^e   oniniiiJi   r*=^ 


( a  V  r-rf-ilip  c^  p.   03  in  I  tai.   nr, 


1        U.0 


.     J-  .^    9     yJ   3 


t^  /.-i  w     ;  ■  ;;i'^- 


.  OQ     >     (  A  )  3 


j'lvirrodi^ 
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O       i-1        ^    1=1    ^ 


P(A,)P(A.) 


2 P(A.A.)  -  > P(A.)P(A. 

l,Jin    ^  J    T7j<n     "•    *' 

' -  e(A,  )  +  0(^)'  P(..,)P(A.)  +  0  (n) 


<   0(n)  . 


Thus,  If  M  denotes  the  set  of   'such  that  (i|,26)  holds, 
this  implies 


ik.27)  P(M^)  =  0(  '^^n     )   . 

n 


(1;,27)  In  turn  Implies  that 


;   ^P(M^)  <  CO, 


so  that  by  the   Borel-Cantelli   lemma,   M  =        M_    1.0.,   n   e&'  ) 
has   probability   zero,    and  the   lemma   Is  proved. 


Lemma  k-S     Let  -^   be  the  Infinite  sequence  as  described 
In  Lemma  I+.I4..   Let  B  e  [  -,  1 ,  then 


'  (    '  ' 


^<>l .  i 


,aJ.Xc.. 
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.    .  n- 


r      ■■  {    ■ 
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(I;. 28) 


Kn 


P(BA^) 


11m 


fe^'*^' 


>  P(B) 


Proof:      Applying  Fatou's   lemma,    we  have 


f  Kn                 ^ 
11m     \   -^ 

B  Kn  ^ 


dP   >  lim 


'  Kn 


^(^^-'Ia^j 


dP 


B^M^  P(A^) 


(U.29) 


>    \     11m     


dP. 


kJ 


mifC 


BnM  l>n 


P(A^) 


Clearly, 
(i|.30) 
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Also,  by  Lemma  i+.U,  on  M  (the  complement  of  M) 


l>n                   ^ 
lira       =   1, 

i<n  ^ 


so   that 

■X(cu|Aj 


(^  Kn  ^ 


(1^.31) 

U 


11m =   P(BnM)    =   P(B), 


BAM       r^ 


since    P(M)   =   1.      From   (i^.29),    (U.30),    and    (UOD,    (1^.28) 

follows. 

Lemma  [j-.S.   Set  ^       be  the  Infinite  sequence  as  described  In 

Lemma  k'k*      Let  B  e  [  <^  ] ,  then 


(l|.32)  e(B)  <  0. 

Thus  as  a  consequence  of  ik*Q)    and  (14..9), 

(1^.33)        Pr(a)  >  V  1 i— T — ^  i  P(A) 


-1  /It 

for  all  A  e  cD  such  that  A  follows  all  factors  of  B  in  a    - 

Proof:   Suppose  that  for  a  crlven  B  e  [  'i  ] ,  the  A.  with 

1  <  k  =  k(B),  occur  in  ci  after  all  the  factors  of  B.  Since 


fjV  'vr^  ..;  . 'U-*^   ffirn'        ;      ^o'.ZA 
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T—   P(BA^)       5ZP(BA) 
k<i<n  T<n     ^ 


lim  =  lim  

k^<n    ^         l<n    ^ 


we  obtain  from  (I4..28)  that 


J    P(BA.) 
¥^l<n    ^ 


(I1.3I4-)  lln»  -^^^ >  P(B) 


On  the  other  hand,  from  (i|.8)  and  (i|.9). 


^ 


P(BA.)  <  3^     P(B)P(A.)  (l.e(B))+  0(-4.) 

<i<n      ^     k<i<n        ^  1^ 


which  together  with  ik'^k)   yields  ([i..32). 

Finally,  the  assertion  {i4..33)  of  the  above  lermna, 
taken  together  with  the  second  remark  which  follows  the 
statement  of  Theorem  \\.2k,    completes  the  proof  of  Theorem  I4..2A, 

A  bit  more  may  be  extracted  f  rom  the  above  argijments. 
If  in  the  proof  of  Lemma  I4..5  the  Lebesgue  convergence  Theorem 
Is  applied  Instead  of  Fatou's  lemma,  one  obtains 


Z_  P(BA.) 
i<n     ^ 
(1^.35)  lim    =  P(B). 

^^   2ZP(A,) 
i<n 


Then,  as  in  the  proof  of  Lemma  i;.6,  this  leads  to 


ifie'io^*"   r 
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^srfj    ^€!ii4J)    r'd-t*"!  JiifitJt^  €; 


V 


.AA;)  i 


.; 


,    (rj)i7   <•  ,w.:rf«i~*.-M»..-j»- i;'j  ^  ;■;<;■  jij; 


,    '    •     >((e):;-£>  Cf^)'^^'  ■     ..Tin    >  ifi^e)^       -■:■■■ 


■if0is'   s'l 


cJ'  8'i      •  .    j-ii'  fy 


39. 


(1^.36)  e(B)  =  0, 

'  1 
for  all  Be  [  iC  ]  >      This  result,  which  is  obtained  In  the 

case  where  e(A)  =  0  in  -^  ,  may  then  be  combined  with  . 

Lemma  I4..3  to  five 

Theorem  L|..2B.   Given  an  infinite  sequence  ^,   with  /;,(-^j ) >  0, 

either  (I)  there  exists  an  Infinite  subsequence  ^      c:  d' such 

that 


(U.37)  e(B)  <  0, 


t 
for  all  B  e  [  ^  3 ;  or 

(II)  there  exists  an  Infinite  subsequence  "5?  ^-   ^ 

such  that 


(I;. 38)  e(B)  =  0, 


f«r  all  B  e  [  ij^  J . 


i^*   One  More  Counterexample.   The  form  of  the  assertion 
(i4..2A)  su-n^ests  the  conjecture  that  there  must  exist  a 
subsequence  of  O'  (/^(  .6)    >  0)    on  which  (i|.lA)  may  be 
strengthened  to 


'  -■'  •  . 


v     ■  "     •  \      ■■...•■'(,-..•■ 

■Relief 


;d  >   (bH  '"'■•;!) 
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(5.1)  p  j  ■)    a/]  >  II  -  (i)(k)    rr  p(A^  ) 

\  H,=l    \i  '  V         |i=l     n 


where  <l)(k)  >  0,  is  some  function  such  that  lim   (l)(k)  =  0. 

k->c» 

we  will  noi-i  show  that  this  conjecture  is  not  true. 

.1 

Note  first  that  If  cf  is  the  subsequence  of  -^  on 

which  (5»1)  holds,  (5«1)  also  holds  relative  to  any  subse. 

quence  of  '^     »  We  then  choose  the  subsequence  C  ,  provided 
by  Theorem  l+.SB,  on  which  one  of  the  alternatives  (I)  or 
(II)  must  hold.   If  for  A^^,  A  .  e  ^^  " ,  i  7«^  j, 

(5.2)         P(A^A^.}  <  P(A^)P(Aj), 

then  it  is  sitemative  (II)  which  must  hold.   Assume  this  to 
be  the  case.   Then  it  follows  that  for  any  fl;jed  A.  ,  A. 
in  ';  ",   we  may  choose 


^i3(k) ^lk(k)  ^  "^   "' 

so   that   l^(k)   — >oo   as   k  — >oo   in  such  a  way   as    to  provide 


(5.3)  P(A,^  A^^  ^i3(k)--\(k)l 
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■:-i\ 


(     jAlS    1- 


'...■.•)i 


^     "      '  ,(  '■  I, 


1  ■-> 


^i-^soye   vr.r 


bi,biva-rf!    . '? 

IQ      ^|)       ft! 


.V  el   sYwisiji^iv 


-;-*■       i' ' 


■"       *> .) 


C      ^ilt 


,-,^mi,M''. 


TiLt    pifl'?    einifp.. 


f  TI J    !?yM5;;rtr:'  ^   e  *    t  ^ 


,,^  f 


i'''i';.,      t-; 


.* 


J|),,|*'' 


•  i  >i  i     f- 


ill. 


But  then  (5.1)  and  (5.3)  imply  that 

1  +  E  f A.  ,  A.    >  1  -  4(k)  +  0(1) 
\  ^1    ^2* 

as  k — >  00,   which  in  turn  implies 


E  ( A.  ,  A,  i  >  0. 
V^l    ^2' 


This,  however,  implies  that 

P(A   A,  )  >  P(A   )P(A.  ) 
^1   ^2        1     2 

in  contradiction  to  (5.2). 

Thus  (5.1)  is  impossible  if  (5-2)  holds,  and  the 
proposed  conjecture  is  proved  false  once  we  produce  a  se- 
quence on  which  {$.2)   holds.   We  construct  such  a  sequence, 
inductively,  as  follows.   Let  A^  be  any  set  such  that  P(A.  ) 

is  greater  than  3A;  i.e.  P(A,)  =  1  -e,,  e,  <  l/L|., 

and  P(A*)  <  1,  i.e.  e,  >  0.   Assume  then  that  the  A.,  J  <  n 

have  been  constructed  with  P(A.)  =  1  -e,,   0  <  e.  <  --.-y  . 

J        J         J  ~  2'' 

Since 

n-1  n-1    \ 

P(  ■'"    A.)  =  1  -  P  1   1/   A.  1 

J=i   J        ^  J=i  h 

n-1 
>  1  -  >   e.  >  0, 
j=l   J 
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Xftt!.  ^    .-S'/swc.-f    ,32r(T 
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r-'-  -  ■,.,! 
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l-'-t... 


J     ^    K^  J,    ^' 1   * 


(  ,;.;  ■;    ^f*.rr  .;ii\t  ;.«rt^ 


w;   no    ■; :  r'l'.-^ijij 


.  1  -fiti. 


3  f ;c<    a: 


>^    e^JC 


cr.- 


i»« 


0    <    .  'f 


t^2. 


Ve  can  choose  for  A  any  set  such  that 


P(\)  =  ^-^n'  \C:   n  Aj  ; 


n-1 

n 

and  where 

Then  for  1  <  J  <  n,  we  have 


P(AjA„)  =  P(Aj)  -  P(AjA„)  =  P(Aj)  -  e„ 


and 


P(Aj)P(A^)  =  (l-e^)P(A^)   . 


Since 

(l-e^)P(A^.)  >  P(Aj..)-  e^  , 

it  follows  that 


P(AjA^)  <  P(Aj)P(A^) 


Thus  the  Inductive  nature  of  the  construction  is  established, 
and  we  obtain  a  sequence  such  that  iB*2)   holds. 
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